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1 Introduction

We typically begin the modeling process with simple mod-
els and build progressively more complex models when
appropriate. To begin the discussion of continuous mod-
eling, we will explore the simplest of the continuous vari-
able models covered in this course, the linear model [1].
Recall from our last reading, the slope-intercept form of
a linear function in two dimensions is:

ŷ = mx+ b

where x is the explanatory variable and ŷ is the predicted
value of the response variable; m is the rate of change of
y with respect to x (slope), and b is the y-intercept.

We use the notation ŷ, read as y-hat, to indicate that
this value is not an observed data point, but a prediction
made by our model. This helps distinguish between actual
outcomes (collected data depicted as y) and estimated
or predicted values. We may also see models written as
f̂(x) = mx + b, where f̂(x) is the predicted value for a
given input x.

In the equation of a line, the values of x and ŷ can vary
depending on the inputs and predictions made, but the
parameters m and b are fixed for a given model. These
parameter values are determined during the solve step of
the modeling process, using either first principles or data
fitting techniques [1].

2 Building a Linear Model using a First
Principles Approach

If we understand the context for the problem we are trying
to model, we may be able to estimate model parameters
based on how we expect the system to behave. For a linear
model we must ask ourselves the following questions:

• What is the value of the dependent variable when the
independent variable is 0? (e.g. what is the popula-
tion at time 0?) This gives us b.

• Do we expect the dependent variable to increase lin-
early (m > 0) or decrease linearly (m < 0), or
stay the same (m = 0) as the independent variable
changes?

• How quickly do we expect the dependent variable to
change? This gives us the value of the slope, m.

Problem 2.2.1: First Principles Approach

You and your company mates are taking a taxi to
the train station for a weekend trip to the city, but
unsure of where you want to catch the train. There
is a base fee of $10 for hiring the taxi plus $0.50 per
mile. You want to model the total cost of the ride
based on the number of miles you drive.

Solution: We expect a constant of change, for ev-
ery mile we drive, the total cost increases by $0.50, so
our slope, m = .5. We also have a fixed starting cost,
or initial value. This becomes our y-intercept, b = 10.

ŷ = 0.5x+ 10

We arrived at this model simply by thinking our way
through the context of the problem.

3 Building a Linear Model using an Em-
pirical Approach

Given a data set, we need to model the data with the
appropriate type of model. As a general rule, the empir-
ical modeling process we will use to develop continuous
models for a data set is:

• Plot the data and decide which family of functions
best represents the trend of the data. Estimate the
parameters and develop the model.

• Use the model to predict a value.

• Restate the predicted value in real-world terms and
reflect on your solution.

• Evaluate the effectiveness of the model and make ad-
justments.

We saw data visualization techniques in descriptive ana-
lytics and this will be very useful for predictive analyt-
ics. After plotting the data and deciding to use a linear
model, we need to estimate the slope and y-intercept. In
general, the parameters of any function (linear, trigono-
metric, exponential, etc.) determine its shape and loca-
tion. It is possible to draw a line through any two points.
The slope of the line through points (x1, y1) and (x2, y2)
is calculated by the following equation:

m =
y2 − y1
x2 − x1

The sign of the slope will determine if the function is
increasing or decreasing. The magnitude of the slope will
determine how steep the line is, which indicates how fast
the dependent variable is changing with respect to the
independent variable.
Once we have determined the slope of the line through the
two points we can calculate the y-intercept using slope-
intercept form. Solving for parameter b we are left with:

b = −mx1 + y1

After determining the parameters we can now use the
linear model to predict a value and interpret the value in
real world terms.
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Problem 2.2.2: Empirical Approach

Develop a linear model for the data below. Make a
prediction for f(x) when x = 2.5.

x -5 -4 -3 -2 -1 0 1 2 3 4

f(x) -7.3 -6.1 -4.4 -2.8 -1.6 0 1.4 3.2 4.7 6.2

3.1 Transform the Problem

We have no context for this data, so we will start
with the empirical approach. The first step is to
plot the given data to see if it exhibits a pattern:
transforming the data from tabular to graphical
form. Which family of functions (linear, exponential,
etc.) best models the data?
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The plot of the data exhibits a pattern that appears
linear. Thus, we choose to model this data with a lin-
ear function y = mx+b and estimate the parameters
m and b.

3.2 Solve

Notice that since the data contains the point (0, 0),
an initial estimate for the y-intercept is zero. Since
b equals zero, there is one parameter left to find, the
slope m.

One way to estimate the slope for a linear model is to
use the average rate of change between any two data
points that are representative of the general trend in
the data. For this example we will use the points
(−4,−6.1) and (−1,−1.6), but we could use any two
points that are representative of the trend. The av-
erage rate of change between the two points selected
is:

y2 − y1
x2 − x1

=
(−1.6)− (−6.1)

(−1)− (−4)
=

4.5

3
= 1.5 (1)

After estimating the slope (m = 1.5) and the y-
intercept (b = 0) we arrive at the model

f̂(x) = 1.5x+ 0 (2)

In order to predict the value of f(x) when x = 2.5
we simply substitute x = 2.5 into the model.

f̂(2.5) = 1.5(2.5) + 0 = 3.75 (3)

3.3 Interpret

The model for the data with b = 0 and m = 1.5 is
f(x) = 1.5x. To reflect, graph this line on the same
set of axes along with the data. Our prediction of
f(2.5) = 3.75, plotted in green below, follows the
trend of the data and further validates our model.
This prediction is an example of interpolation be-
cause we have estimated a value of the response vari-
able between observed values of the explanatory vari-
able. If we were to predict the value of f(x) when
x = 5, this would be an example of extrapolation
because we would predict a value outside of the ob-
served values of the explanatory variable. Conse-
quently, we are less certain about the accuracy of
our prediction [2].
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3.4 Model Assessment

In the last reading, we learned about two tools for
model assessment. Let’s find SSE and R2 for this
model. When calculating SSE, it is often useful to
make a table.

x -5 -4 -3 -2 -1 0 1 2 3 4

f(x) -7.3 -6.1 -4.4 -2.8 -1.6 0 1.4 3.2 4.7 6.2

Prediction f̂(x) -7.5 -6 -4.5 -3 -1.5 0 1.5 3 4.5 6

Error f̂(x)− f(x) -0.2 0.1 -0.1 -0.2 0.1 0 0.1 -0.2 -0.2 -0.2

Squared Error (f̂(x)− f(x))2 0.04 0.01 0.01 0.04 0.01 0 0.01 0.04 0.04 0.04

Sum: 0.24

We will not manually calculate R2 in this class, but
we can find it by creating a scatterplot in Excel and
adding a trend line. We find that R2 = 0.99. Re-
member that the closer R2 is to 1, the better the fit
of the model to the data. This is generally true, but
doesn’t guarantee a good model. We will address the
dangers of overfitting in upcoming lessons.

4 Model Assessment

In the previous reading, we explored a qualitative way to
interpret R2 as a tool for assessing model fit—observing
how the value increases as the trendline better matches
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the data. In this reading, we will build on that intuition
by understanding where R2 comes from and introducing a
second tool for model assessment: the Sum of Squared
Error (SSE).

The Coefficient of Determination, R2, is given by the
following formula:

Definition 2.2.1 (The Coefficient of Determina-
tion, R2)
is the percentage of the total observed variation in the
response variable that is accounted for by changes in the
explanatory variable [3].

R2 = 1−
∑N

i=1(yi − ŷi)
2∑N

i=1(yi − ȳ)2

where yi is a data point, ŷi is the value the model pre-
dicted, and ȳ is the sample mean.

R2 is related to the second tool we will use, the Sum of
Squared Error (SSE), which is given by the following
formula:

Definition 2.2.2 (Sum of Squared Error)
is the squared difference between the observed and pre-
dicted values.

SSE =

N∑
i=1

(yi − ŷi)
2

where yi is a known data point and ŷi is the value the
model predicted.

Take a moment to walk yourself through the formula for
SSE. You must first find the error in your model by finding
the difference between the predicted and known value,
then square the result, and finally sum up each individual
error to find the total squared error. By squaring each
error, we ensure that all error is positive and give more
weight to large errors. Sum of squared error can help
us measure the accuracy of our predictions and compare
models [3].

Let’s go back and look at the equation for R2. You should
see that the numerator of the fractional term is SSE again,
but the denominator is slightly different. In the denom-
inator we are calculating the total sum of squares, SST,
by summing the squared difference between the observed
values and the mean. Our formula now becomes:

R2 = 1− SSE

SST

This helps us with our conceptual understanding of R2

as the percentage of the total observed variation in the
response variable that is accounted for by changes in the
explanatory variable [3]. Observe that as SSE decreases
to zero, R2 approaches one (a perfect model where all
variation in the response variable is accounted for by the
explanatory variable), and as SSE increases, R2 will de-
crease to zero (a horizontal line where none of the vari-
ation in the response is accounted for by changes to the
explanatory). Note: it is mathematically possible for R2

to be negative. This indicates that the model is worse
than simply taking the average of the data and should set
off alarm bells. If we calculate a negative R2, we should
immediately reevaluate our model. In later readings we
will discuss how a higher R2 is usually an indication of
better fit, but does not guarantee a good model.

As we continue modeling, we will use both R2 and SSE to
assess how well our functions fit the data, and to compare
the effectiveness of different model types. These tools help
guide our modeling decisions, but always require interpre-
tation in the context of the real-world problem.

5 Ethical Checklist

As we discussed in our introductory reading, we must
consider data and model validity, and clearly communi-
cate our linear models. Below are some questions to think
through as you consider whether your linear model is eth-
ical.

• Data validity. As with descriptive statistics, you
need look at where you data is coming from and how
it was collected. Normally, when you are using data
collected by someone else, there should be some re-
port or description of how the data was collected.
How much did you need to clean the data? If you
had to clean a lot of it, what are the possible impli-
cations about this data set?

• Model validity. Examine your modeling decisions.

– Did you make modeling decisions while clean-
ing or exploring your data? How did you iden-
tify your explanatory and response variables,
are they the best variables to choose? Does
your model answer the question you are trying
to find?

– Is your predictive model accurate? How did you
evaluate your model? How does your model per-
form on new data? Does your choice of linear
model make sense in the context of the problem?

• Communication. Is your visualization clear? Is it
misleading, or does it convey an honest representa-
tion of the data? Did you thoroughly communicate
each of your assumptions and modeling decisions?
Did you communicate the limitations of your model?
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