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1 Vector Basics

A vector is a mathematical construct used to represent
quantities that have both magnitude and direction. Un-
like scalars, which only have magnitude (e.g., mass or
temperature), vectors describe quantities like force, ve-
locity, and displacement. For example, the speed of a
vehicle is a scalar, while velocity is a vector because it in-
cludes the direction of travel. Vectors are essential tools in
physics, engineering, computer graphics, and other fields
where direction and magnitude are important. Because
vectors are defined by their magnitude and direction, not
by their location, vectors can be freely translated to start
from any point in space.

1.1 Component Form

In two dimensions, vectors are typically represented as an
ordered set of numbers, such as #»v = ⟨v1, v2⟩, where v1 and
v2 represent the components in the x- and y-directions,
respectively. Vectors can also represent the position of a
point relative to the origin, called a position vector.

Definition M.1.1 (Position Vector)
A position vector represents the location of a point rel-
ative to the origin. For example, the position vector of
the point A(3, 2) is #»a = ⟨3, 2⟩.
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Figure 1: The point A(3, 2) and its position vector #»a =
⟨3, 2⟩. The tail of the vector starts at the origin, and the
head terminates at point A.

Vectors in three dimensions allow us to represent quanti-
ties in 3D space using three coordinates: x, y, and z. For
example, the vector #»a = ⟨a1, a2, a3⟩ has components rep-
resenting displacements in the x-, y-, and z-directions.
The three-dimensional system typically uses the right-
hand rule to define the positive directions of the axes [1].

Definition M.1.2 (Right-Hand Rule)
If you point the index finger of your right hand in the
direction of the positive x-axis, and curl your fingers
toward the positive y-axis, your thumb points in the
direction of the positive z-axis.

We define the size or dimension of a vector based on the
number of components it contains. So a vector with two

components is a 2-dimensional vector; a vector with three
components is a 3-dimensional vector, etc. Generally, in
this course we will use 2D and 3D vectors, but know that
vectors of any size do exist. The dimension of the vector
determines the operations we are allowed to conduct. We
will discuss this later on.

1.2 Magnitude of a Vector

Magnitude is another name for the length of the vector
[1]. In two or three dimensions, we could plot and measure
the lengths. However, the magnitude of a vector can be
calculated for a vector with any number of dimensions.

Definition M.1.3 (Magnitude)
The magnitude of an n-dimensional vector
#»v = ⟨v1, v2, . . . , vn⟩ is defined as:

| #»v | =
√

v21 + v22 + · · ·+ v2n

The terms magnitude, and norm are all synonymous.

It might seem strange at first to use absolute value bars
to also represent the length of a vector. However, they are
similar concepts. The absolute value of zero is zero, and
the absolute value of any other number is positive. Simi-
larly, the length of the zero vector is zero, and the length
of any other vector is positive. The absolute value of a
number represents its distance on the number line from
zero, while the length of a position vector represents the
distance from the origin to its head. The absolute value of
a number is its magnitude, ignoring its sign; whereas the
length of a vector is its magnitude, ignoring its direction.

Definition M.1.4 (Zero Vector)
A vector where every component is 0.

#»
0 = ⟨0, 0, . . . , 0⟩

1.3 Unit Vector

A unit vector is a vector that has a length of one unit.
We will annotate it with a vector hat such as û, instead
of the typical vector arrow. We can find the unit vector
û in the same direction of any vector #»u by dividing the
vector by its magnitude. This is the same as multiplying
each component of the vector by one over the vector’s
magnitude.

Definition M.1.5 (Unit Vector)
The unit vector û of a vector #»u is defined as:

û =
#»u

| #»u |
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1.4 Standard Basis Vectors

We can express any vector as a linear combination of the
standard basis vectors î, ĵ, and k̂, which point in the
positive x-, y-, and z-directions, respectively, and have a
length of one unit [1]:

#»v = ⟨v1, v2, v3⟩
#»v = v1 î+ v2ĵ + v3k̂

For example, the vector #»a = ⟨2, 3, 4⟩ can be written as:

#»a = 2̂i+ 3ĵ + 4k̂

This shows that the vector #»a is the resultant of a dis-
placement two units in the direction of the positive x-axis,
three units in the direction of the positive y-axis, and four
units in the direction of the positive z-axis, shown in Fig-
ure 2. These displacements are expressed using scalar
multiples of unit vectors, in each of these directions.

Even though we haven’t formally defined it yet, writing
2̂i is an example of scalar multiplication; we’re scaling the
unit vector î by a factor of 2. This operation stretches or
shrinks a vector’s length, and (for now) you can think of
it as preserving the direction when the scalar is positive.
We’ll define scalar multiplication more precisely, including
what happens when we multiply by a negative scalar, in
Section 2.1, but for now, you can think of it as a way to
control how far you move in each direction.

Definition M.1.6 (Standard Basis Vectors)
The standard basis vectors î, ĵ, and k̂ are unit vectors
that point in the positive x-, y-, and z-directions, re-
spectively. Their components are:

î = ⟨1, 0, 0⟩, ĵ = ⟨0, 1, 0⟩, k̂ = ⟨0, 0, 1⟩
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Figure 2: Vector #»a = ⟨2, 3, 4⟩ and its components
2̂i, 3ĵ, 4k̂, with a grid on the x-y plane.

2 Vector Operations

Vectors can be manipulated using operations such as
scalar multiplication, addition, and subtraction. In the
cases of addition and subtraction the operation can be
done only if the two vectors being added or subtracted
have the same dimension, or the same number of compo-
nents. These operations allow us to combine or modify
vectors to model real-world scenarios.

2.1 Scalar Multiplication

A vector can be scaled by multiplying it by a scalar (a
real number).

Definition M.1.7 (Scalar Multiplication)
Scalar multiplication scales a vector by a real number c.
It changes the magnitude of the vector and may reverse
its direction if c < 0. Given #»u = ⟨u1, u2⟩, the scalar
multiplication c #»u is:

c #»u = c · ⟨u1, u2⟩ = ⟨cu1, cu2⟩

Effects of scalar multiplication:

• 1 < |c| : Increases magnitude.

• 0 < |c| < 1 : Reduces magnitude.

• c < 0 : Reverses direction and scales by |c|.

In Figure 3, we can see scalar multiples of: #»u = ⟨2, 1⟩

2 #»u = ⟨4, 2⟩ −0.5 #»u = ⟨−1,−0.5⟩
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Figure 3: Graphical scalar multiplication.
Note: The three vectors depicted start at the origin.

2.2 Vector Addition

The addition operation is by component. For two vectors
#»u = ⟨u1, u2⟩ and #»v = ⟨v1, v2⟩, the sum is:

#»u + #»v = ⟨u1 + v1, u2 + v2⟩
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Problem M.1.1: Vector Addition

If #»u = ⟨2, 1⟩ and #»v = ⟨1, 2⟩ find #»u + #»v .

Solution:

#»u + #»v = ⟨2, 1⟩+ ⟨1, 2⟩
= ⟨2, 1⟩+ ⟨1, 2⟩
= ⟨3, 3⟩

Graphically, vector addition can be represented by placing
the tail of #»v at the head of #»u . The resulting vector from
the tail of #»u to the head of #»v is the vector #»u + #»v as seen
in Figure 4.
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Figure 4: Graphical vector addition for Problem 1.

2.3 Vector Subtraction

The difference between two vectors #»u − #»v is:

#»u − #»v = ⟨u1 − v1, u2 − v2⟩

Graphically, subtracting a vector is equivalent to adding
its negative: #»u − #»v = #»u + (− #»v ). Reverse #»v by scalar
multiplication to obtain − #»v and then follow the graphical
steps for vector addition.

Problem M.1.2: Vector Subtraction

If #»u = ⟨2, 1⟩ and #»v = ⟨1, 2⟩ find #»u − #»v .

Solution:

#»u − #»v = ⟨2, 1⟩ − ⟨1, 2⟩
= ⟨2, 1⟩+ ⟨−1,−2⟩
= ⟨2− 1, 1− 2⟩
= ⟨1,−1⟩

2.4 Displacement Vector

The displacement vector represents the change in position
from one point to another. Given points A(x1, y1) and
B(x2, y2), the displacement vector from A to B is:

#    »
AB = ⟨x2 − x1, y2 − y1⟩
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Figure 5: Graphical representation of vector subtraction
as addition with scalar multiplication by -1 as shown in
Problem 2.

Let #»a = ⟨x1, y1⟩ and
#»

b = ⟨x2, y2⟩ be the position vectors
for points A and B. Then:

#    »
AB =

#»

b − #»a

Graphically, this is equivalent to #»a +
#    »
AB =

#»

b as shown
in Figure 6.
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Figure 6: Graphical depiction of the displacement vector
#    »
AB as calculated in Problem 3.

Problem M.1.3: Displacement Vector

Given pointsA(2, 3) and pointB(−1, 6) find displace-
ment vector

#    »
AB.

Solution:

Displacement vector
#    »
AB means the vector starts at

A and terminates at B.

#»a = ⟨2, 3⟩ #»

b = ⟨−1, 6⟩

#    »
AB =

#»

b − #»a

= ⟨−1, 6⟩ − ⟨2, 3⟩
= ⟨−1, 6⟩+ ⟨−2,−3⟩
= ⟨−1− 2, 6− 3⟩
= ⟨−3, 3⟩
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3 Dot Product

So far, we have discussed the basic vector operations of
addition, subtraction, and scalar multiplication. Now, we
explore another useful vector operation, called the dot
product. We will analyze the dot product algebraically
and conduct a geometric analysis of the dot product. Un-
derstanding the dot product is essential to our use of ma-
trix algebra in later lessons.

Definition M.1.8 (Dot Product[1])
The dot product, or scalar product, given two vectors
#»w = ⟨w1, w2, ...⟩ and #»v = ⟨v1, v2, ...⟩ is

#»w · #»v = w1v1 + w2v2 + · · ·+ wnvn =

n∑
i=1

wivi

IMPORTANT: The dot product can only be performed
between two vectors that have the same dimension (same
number of components). If one vector has more dimen-
sions or components than another vector then the dot
product cannot be computed between the two vectors.

Problem M.1.4: Dot Product - Algebraic

Given that #»w = ⟨3, 4⟩ and #»v = ⟨5, 12⟩, find #»w · #»v .

Solution:

#»w · #»v = ⟨3, 4⟩ · ⟨5, 12⟩
= 3(5) + 4(12)

= 15 + 48

= 63

Using geometric analysis we are able to come up with
some other useful definitions and theorems using dot
product.

Definition M.1.9 (Dot Product - Geometric[1])
The dot product of two n-dimensional vectors #»w and #»v ,
denoted #»w · #»v , is given by:

#»w · #»v = | #»w|| #»v | cos(θ)

where θ is the angle between the two vectors when
placed tail to tail.

Problem M.1.5: Dot Product - Geometric

Given | #»w| = 5, | #»v | = 13, and the angle between them
is 0.249 radians, find #»w · #»v .

Solution:

#»w · #»v = | #»w|| #»v | cos(θ)
= 5(13) cos (0.249)

= 65(0.969)

≈ 63.0

We can rewrite the geometric definition of the dot product
solve for the angle between the two vectors.

Definition M.1.10 (Angle Between Two Vectors
[1])
If θ is the angle between two nonzero vectors #»w and #»v
then,

θ = cos−1

(
#»w · #»v

| #»w|| #»v |

)
,

where 0 ≤ θ ≤ π

Using the geometric definition we can use the dot product
to quickly determine whether two vectors are parallel or
orthogonal (perpendicular).

Theorem 1
Two non-zero vectors #»u and #»v are orthogonal, or per-
pendicular, written as #»u ⊥ #»v , if and only if [1]

#»u · #»v = 0

Because,

| #»u || #»v | cos
(π
2

)
= 0

| #»u || #»v |(0) = 0

Consider the two vectors plotted in Figure 7.

#»u = ⟨1, 2⟩, #»v = ⟨−2, 1⟩

Their dot product is:

#»u · #»v = 1(−2) + 2(1) = −2 + 2 = 0

Since #»u · #»v = 0, the vectors #»u and #»v are orthogonal.

Theorem 2
Two non-zero vectors #»u and #»v are parallel, written as
#»u ∥ #»v , if and only if the angle between them is either 0
or π and will have the following property [1]:

#»u = c #»v , for c ̸= 0
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Figure 7: Plot of vectors #»u and #»v on the x-y plane.

Consider the vectors:

#»a = ⟨3, 6⟩, #»

b = ⟨1, 2⟩.

We can see that:

#»a = 3
#»

b , where c = 3 and c ̸= 0.

Thus, #»a is a scalar multiple of
#»

b and therefore parallel
to each other, as shown in Figure 8.
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Figure 8: Plot of vectors #»a and
#»

b on the x-y plane.

4 Modeling with Vectors

In real-world applications, we often know the magnitude
and direction of a vector, such as the force along a rope
or the velocity of a moving object. To use vectors in
a model, we typically need to convert that information
into component form. This allows us to combine vectors,
calculate net effects, and solve equations more easily.

4.1 Components from Magnitude and Direc-
tion

We can find the components of a vector and write a vector
in component notation knowing the direction and magni-
tude of a vector. For example, if we know a vector #»v has
a magnitude of 8, and we know it makes an angle of π

6

with the positive x-axis, we can use trigonometry to cal-
culate the x and y components of the vector. The vector
is plotted in Figure 9.
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Figure 9: The vector #»v in a rectangular coordinate sys-
tem.

Using trigonometry, the vector #»v is decomposed into its
components:

the x-component is

vx = | #»v | cos θ

= 8 cos
(π
6

)
= 4

√
3

≈ 6.93

the y-component is

vy = | #»v | sin θ

= 8 sin
(π
6

)
= 4

resulting in a component notation of #»v = ⟨vx, vy⟩ =
⟨6.93, 4⟩. This is generalized and captured in the defi-
nition below.

Definition M.1.11 (Calculating Vector Compo-
nents [1])
The components of a vector #»v in the xy-plane, which
has a magnitude | #»v | and makes an angle θ measured
counter-clockwise from the x-axis, are given by:

vx = | #»v | cos θ and vy = | #»v | sin θ

4.2 Modeling Forces on a Stationary Mass

A stationary mass suspended by two strings, as shown in
Figure 10, experiences no net force, meaning the forces
from the strings (

#»
F 1 and

#»
F 2) must balance the gravi-

tational force (
#»
F g) of 98N downward. This means that

#»
F g =

#»
F 1 +

#»
F 2. Using a coordinate system where the

x-axis is parallel to the surface, the angles of
#»
F 1 and

#»
F 2

relative to the x-axis are 5π
6

and π
3
, respectively, calcu-

late the magnitudes of the forces required to keep the
mass balanced.
The gravitational force can be written as

#»
F g = ⟨0,−98⟩.

Decomposing the forces
#»
F 1 and

#»
F 2 into their components
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Figure 10: A stationary mass suspended by two strings.

using Definition 4.1, we have:

#»
F 1 = ⟨| #»

F 1| cos
(
5π

6

)
, | #»
F 1| sin

(
5π

6

)
⟩

#»
F 2 = ⟨| #»

F 2| cos
(π
3

)
, | #»
F 2| sin

(π
3

)
⟩

For equilibrium, the sum of the x- and y-components must
equal zero:

The x-components of force:

| #»
F 1| cos

(
5π

6

)
+ | #»

F 2| cos
(π
3

)
= 0

The y-components of force:

| #»
F 1| sin

(
5π

6

)
+ | #»

F 2| sin
(π
3

)
− 98 = 0

Solving this system of equations yields:

| #»
F 1| = 49N and | #»

F 2| = 84.9N

This approach, breaking vectors into components and us-
ing vector equations, is essential to solving modeling prob-
lems involving forces, motion, and direction. It’s how we
translate real-world quantities into mathematics we can
work with.
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